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Abstract: We present a reformulation of General Relativity as a
“generalized” Yang-Mills theory of gravity, using a SO(3,C) gauge
connection and the self-dual Weyl tensor as dynamical variables. This
formulation uses Plebanski’s theory as the starting point, and obtains
a new action called the instanton representation of Plebanski gravity
(IRPG). The IRPG has yielded a collection of various new results,
which show that it is a new approach to General Relativity intrin-
sically different from existing approaches. Additionally, the IRPG
appears to provide a realization of the relation amongst General Rel-
ativity, Yang-Mills theory and instantons.
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§1. Introduction. In the 1980’s there was a major development in
General Relativity due to Abhay Ashtekar, which provided a new set of
Yang-Mills like variables known as the Ashtekar variables (see e.g. [1,2]
and [3]). These variables have re-invigorated the efforts at achieving a
quantum theory of gravity using techniques from Yang-Mills theory. Ad-
ditionally, the relation of General Relativity to Yang-Mills theory by its
own right is an interesting and active area of research [4,5]. The purpose
of the present paper is two-fold. First, we will provide a new formula-
tion of General Relativity which shows that its relation to Yang-Mills
theory can be taken more literally in a certain well-defined context. The
degrees of freedom of General Relativity will be explicitly embedded in
a Yang-Mills like action resembling an instanton, and this formulation
will be referred to as the instanton representation of Plebanski gravity.
Secondly, in this paper we will focus just on some of the classical as-
pects of the theory, and make contact with existing results of General
Relativity as well as provide various new results.
The organization of this paper is as follows. In §2 we will first pro-

vide a review of Plebanski’s theory of gravity IPleb and the mechanism
by which the Einstein equations follow from it. The Plebanski action
contains a self-dual connection one-form Aa, where a = 1, 2, 3 denotes
an SO(3,C) index with respect to which the (internal) self-duality is
defined, a matrix ψae ∈ SO(3,C) ⊗ SO(3,C), and a triple of self-dual
two-forms Σa, also self-dual in the SO(3,C) sense. The Ashtekar action
IAsh arises upon elimination of ψae via a new mechanism, which basi-
cally restricts one to a functional submanifold of the space of actions
defined by IPleb. Using this same mechanism, in §3 we show that elimi-
nation of certain components of the two forms Σa in favor of ψae yields
a new action IInst, the instanton representation of Plebanski gravity.
This shows that IAsh and IInst are in a sense complementary within
IPleb, which suggests that the latter is also a theory of General Rela-
tivity. We prove this rigorously in §4 by demonstrating that IInst does
indeed reproduce the Einstein equations, combined with a prescription
for writing a solution subject to the initial value constraints.
In §5 we provide an analysis of the IInst equations of motion beyond

the Einstein equations. A Hodge duality condition emerges on-shell,
which as shown in §7 explicitly provides the spacetime metric.∗ In §6 we
clarify the similarities and differences between IInst and the pure spin

∗The implication is that the metrics from §4 and §7 must be equal to each other
as a consistency condition. This should provide a practical method for constructing
General Relativity solutions via what we will refer to as the instanton representation
method.
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connection formulation of Capovilla, Dell and Jacobson (CDJ) in [6].
There are common notions in the community that a certain antecedent
of the CDJ action is essentially the same action as IInst. The present
paper shows that IInst is in fact a new action for General Relativity. This
will as well be independently corroborated by various follow-on papers
which apply the instanton representation method to the construction
of solutions. §7 delineates the reality conditions on IInst, which appear
to be intertwined with the signature of spacetime. §8 and §9 clarify a
hidden relation of General Relativity to Yang-Mills theory, which brings
into play the concept of gravitational instantons.
The author has not been able to find, amongst the various sources in

the literature, a uniform definition of what a gravitational instanton is.
Some references, for example as in [7] and [8], define gravitational in-
stantons as General Relativity solutions having a vanishing Weyl tensor
with nonvanishing cosmological constant. This would seem to imply,
in the language of the present paper, that gravitational instantons can
exist only for spacetimes of Petrov Type O.∗ On the other hand, other
references (for example [9]) allow for Type D gravitational instantons.
In spite of this a common element, barring topological considerations,
appears to be that of a solution to the vacuum Einstein equations having
self-dual curvature. We hope in the present paper to shed some light on
the concept of gravity as a “generalized” Yang-Mills instanton, which
can exist as a minimum for Petrov Type I in addition to Types D and O.
§10 contains a summary of the main results of this paper and some fu-
ture directions of research, touching briefly on the quantum theory.
On a final note prior to proceeding, we will establish the following in-

dex conventions for this paper. Lowercase symbols from the beginning
part of Latin alphabet a, b, c, . . . will denote internal SO(3,C) indices
and those from the middle i, j, k, . . . will denote spatial indices, each
taking values 1, 2 and 3. SL(2,C) indices will be labelled by capital
letters A and A′ taking values 0 and 1, and four-dimensional spacetime
indices by Greek symbols μ, ν, . . . . For the internal SO(3,C) indices
(a, b, c, . . . h) the raised and lowered index positions are equivalent since
the SO(3) group metric is taken to be the unit matrix (e.g. δab≡ δab ≡
≡ δba≡ δ

ab). For spatial indices (i, j, k, . . . ) and spacetime indices
(μ, ν, . . . ), the raised and the lowered index positions are not equiva-
lent, since the corresponding covariant metrics hij and gμν are in gen-
eral different from the unit matrix. For multi-indexed quantities we will

∗The definitions of the various Petrov Types can be found in [10] and in [11].
The purpose of the instanton representation of Plebanski gravity is to be able to
classify General Relativity solutions according to their Petrov Type.
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normally separate SO(3,C) from the other types of indices by placing
them in opposing positions. So for example, the objects Aai and B

i
a

respectively will be used to denote a SO(3,C) gauge connection and its
associated magnetic field.

§2. Plebanski’s theory of gravity. The starting Plebanski action
[12] writes General Relativity using self-dual two forms in lieu of the
spacetime metric gμν as the basic variables. We adapt the starting
action to the language of the SO(3,C) gauge algebra as

I =

∫

M

δaeΣ
a ∧ F e −

1

2

(
δaeϕ+ ψae

)
Σa ∧ Σe, (1)

where Σa= 12 Σ
a
μν dx

μ ∧ dxν are a triplet of SO(3,C) two forms and
F a= 12 F

a
μν dx

μ∧dxν is the field-strength two form for gauge connection
one form Aa=Aaμdx

μ. Also, ψae is symmetric and traceless and ϕ is
a numerical constant. The field strength is written in component form
as F aμν = ∂μA

a
ν − ∂νA

a
μ + f

abcAbμA
c
ν , with SO(3,C) structure constants

fabc= εabc. The equations of motion resulting from (1) are (see e.g. [13]
and [14])

δI

δAg
= DΣg = dΣg + εgfhA

f ∧ Σh = 0

δI

δψae
= Σa ∧ Σe −

1

3
δaeΣg ∧ Σg = 0

δI

δΣa
= F a −Ψ−1ae Σ

e = 0 −→ F aμν = Ψ
−1
ae Σ

e
μν






. (2)

The first equation of (2) states that Ag is the self-dual part of the
spin connection compatible with the two forms Σa, where D= dxμDμ=
= dxμ (∂μ+Aμ) is the exterior covariant derivative with respect to A

a.
The second equation implies that the two forms Σa can be constructed
from tetrad one-forms eI = eIμdx

μ in the form∗

Σa = ie0 ∧ ea −
1

2
εafg e

f∧ eg. (3)

Equation (3) is a self-dual combination of tetrad wedge products,
which enforces the equivalence of (1) to General Relativity. Note that
equation (3) implies [14]

i

2
Σa ∧ Σe = δae

√
−g d4x , (4)

∗In the tetrad formulation of gravity, this corresponds to spacetimes of Lorentzian
signature when e0 is real, and Euclidean signature when e0 is pure imaginary.
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with the spacetime volume element as the proportionality factor. The
third equation of motion in (2) states that the curvature of Aa is self-
dual as a two form, which implies that the metric gμν = ηIJ e

I
μe
J
ν derived

from the tetrad one-forms eI satisfies the vacuum Einstein equations.
If one were to eliminate the two forms Σa and the matrix ψae from

the action (1) while leaving the connection Aaμ intact, then one would
obtain the CDJ action [6], corresponding to the pure spin connection
formulation of General Relativity. But we would like to obtain a for-
mulation of General Relativity which preserves these fields to some ex-
tent, since they contain fundamental gravitational degrees of freedom
and also provide a mechanism for implementing the initial value con-
straints.
The most direct way to preserve the ability to implement the con-

straints in a totally constrained system is to first perform a 3+1 decom-
position of the action. The starting action (1) in component form is
given by

I
[
Σ, A,Ψ

]
=
1

4

∫

M

d4x

(

ΣaμνF
a
ρσ −

1

2
Ψ−1ae Σ

a
μνΣ

e
ρσ

)

εμνρσ, (5)

where ε0123=1 and we have defined Ψ−1ae = δaeϕ+ψae. For ϕ=−
Λ
3 ,

where Λ is the cosmological constant, then we have that

Ψ−1ae = −
Λ

3
δae + ψae . (6)

The matrix ψae, presented in [5], is the self-dual part of the Weyl cur-
vature tensor in SO(3,C) language. The eigenvalues of ψae determine the
algebraic classification of spacetime which is independent of coordinates
and of tetrad frames [10, 11].∗ Ψ−1ae is the matrix inverse of Ψae which
we will refer to as the CDJ matrix, and is the result of appending to
ψae a trace part. In the CDJ formulation this field becomes eliminated
in addition to the two forms Σa.

§2.1. The Ashtekar variables. Assuming a spacetime manifold of
topology M = Σ × R, where Σ refers to 3-space, let us perform a 3+1
decomposition of (5). Defining σ̃ ia≡

1
2 ε
ijkΣajk and B

i
a≡

1
2 ε
ijkF ajk for the

spatial parts of the self-dual and curvature two forms, this is given by

I =

∫
dt

∫

Σ

d3x σ̃ iaȦ
a
i +A

a
0Di σ̃

i
a +Σ

a
0i

(
Bia −Ψ

−1
ae σ̃

i
e

)
, (7)

where we have integrated by parts, using F a0i= Ȧ
a
i −DiA

a
0 from the tem-

∗This includes principal null directions and properties of gravitational radiation.
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poral component of the curvature. The operator Di is the spatial part
of the SO(3,C) covariant derivative, which in (1) acts as a covariant
divergence. The following action ensues on any SO(3,C)-valued vector
va, given by Diva= ∂iva+ fabcA

b
i vc. We will use (2) and (3) to redefine

the two form components in (7).
Define eai as the spatial part of the tetrads e

I
μ and make the identi-

fication

eai =
1

2
εijk ε

abc σ̃jb σ̃
k
c (det‖σ̃‖)

−1/2
=
√
det‖σ̃‖

(
σ̃−1

)
a
i
. (8)

For a special case e0i =0, known as the time gauge, then the temporal
components of the two forms (3) are given by (see e.g. [13, 15])

Σa0i =
i

2
N εijk ε

abc σ̃jb σ̃
k
c + εijkN

j σ̃ka , (9)

where N =N (det‖σ̃‖)−1/2 with N and N i being a set of four nondy-
namical fields. In the steps leading to the CDJ action of [6], the fields
Nμ = (N,N i) become eliminated along with the process of eliminating
the 2-forms Σaμν .
Substituting (9) into (7), we obtain the action

I =

∫
dt

∫

Σ

d3x σ̃ iaȦ
a
i +A

a
0Ga −N

iHi − iNH . (10)

The fields (Aa0 , N,N
i) are auxiliary fields whose variations yield respec-

tively the following constraints

Ga = Di σ̃
i
a

Hi = εijk σ̃
j
aB

k
a + εijk σ̃

j
a σ̃
k
e Ψ

−1
ae

H = (det‖σ̃‖)−1/2×

×

[
1

2
εijk ε

abc σ̃ ia σ̃
j
bB
k
c −
1

6

(
trΨ−1

)
εijk εabc σ̃

i
a σ̃
j
b σ̃
k
c

]






. (11)

Rather than attempt to perform a canonical analysis, we will proceed
from (10) as follows. Think of I = Iσ̃,Ψ[A] as an infinite dimensional
functional manifold of theories parametrized by the fields σ̃ ia and Ψae,
and then restrict attention to a submanifold corresponding to the theory
of General Relativity.
Following suit, say that we impose the following conditions on Ψ−1ae

εbaeΨ−1ae = 0 , trΨ−1 = −Λ (12)
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with no restrictions on σ̃ ia, where Λ is the cosmological constant. Then
Ψ−1ae becomes eliminated and equation (10) reduces to the action for
General Relativity in the Ashtekar variables (see e.g. [1–3])

IAsh =
i

G

∫
dt

∫

Σ

d3x σ̃ ia Ȧ
a
i +A

a
0Di σ̃

i
a −

− εijkN
i σ̃jaB

k
a +

i

2
N εijk εabc σ̃

i
a σ̃
j
b

(

Bkc +
Λ

3
σ̃kc

)

, (13)

where N = N (det‖σ̃‖)−1/2 is the densitized lapse function. The action
(13) is written on the phase space ΩAsh=(σ̃

i
a, A

a
i ) and the variable Ψ

−1
ae

has been eliminated. The auxiliary fields Aa0 , N and N
i respectively

are the SO(3,C) rotation angle, the lapse function and the shift vector.
These auxiliary fields play the role of Lagrange multipliers smearing
their associated initial value constraints Ga, H, and Hi, respectively
the Gauss’ law, Hamiltonian and vector (sometimes known as diffeo-
morphism) constraints. Note that σ̃ ia in the original Plebanski action
was part of an auxiliary field Σaμν , but now in (13) it has become pro-
moted to the status of a momentum space dynamical variable. At the
level of (13), one could further eliminate the 2-forms Σa to obtain the
CDJ pure spin connection action appearing in [6]. However, (13) is al-
ready in a form suitable for quantization and for implementation of the
initial value constraints via the temporal parts of these 2-forms.

§3. The instanton representation. Having shown that Pleban-
ski’s action (1) contains (13), an action known to describe General Rel-
ativity, as a direct consequence of (12), we will now show that (1) also
contains an alternate formulation of General Relativity based on the
field Ψae, which can also be derived directly from (5).
Instead of equation (12), let us impose the following conditions in

the constraints (11)

εijk εabc σ̃
i
a σ̃
j
b B

k
c = −

Λ

3
εijk εabc σ̃

i
a σ̃
j
b σ̃
k
c , εijk σ̃

j
aB

k
a = 0 (14)

with no restriction on Ψae. Substitution of (14) into (11) yields

Hi = εijkσ̃
j
aσ̃
k
eΨ
−1
ae

H = (det‖σ̃‖)−1/2
[

−
Λ

6
εijk εabc σ̃

i
a σ̃
j
b σ̃
k
c −

−
1

6

(
trΨ−1

)
εijk εabc σ̃

i
a σ̃
j
b σ̃
k
c

]

= −
√
det‖σ̃‖

(
Λ + trΨ−1

)






. (15)
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Hence substituting (15) into (10), we obtain an action given by

I =

∫
dt

∫

Σ

d3x σ̃ ia Ȧ
a
i +A

a
0Di σ̃

i
a +

+ εijkN
i σ̃ja σ̃

k
e Ψ

−1
ae − iN

√
det‖σ̃‖

(
Λ + trΨ−1

)
. (16)

But (16) still contains σ̃ ia, therefore we will completely eliminate σ̃
i
a by

substituting the spatial restriction of the third equation of motion of (2),
given by

σ̃ ia = ΨaeB
i
e , (17)

into (16). This substitution, which also appears in [6] in the form of the
so-called CDJ ansatz, yields the action∗

IInst =

∫
dt

∫

Σ

d3x ΨaeB
i
e Ȧ
a
i +A

a
0B
i
eDiΨae +

+ εijkN
iBjaB

k
e Ψae − iN

√
det‖B‖

√
det‖Ψ‖

(
Λ + trΨ−1

)
, (18)

which depends on the CDJ matrix Ψae and the Ashtekar connection
Aai , with no appearance of σ̃

i
a. In the original Plebanski theory Ψae was

an auxiliary field which could be eliminated. But now Ψae has become
promoted to the status of a full dynamical variable, analogously to the
case for σ̃ ia in IAsh.
There are a few items of note regarding (18). Note that it contains

the same auxiliary fields (Aa0 , N,N
i) as in the Ashtekar theory (13).

Since we have imposed the constraints Hμ=(H,Hi) on the Ashtekar
phase space within the starting Plebanski theory in order to obtain
IInst, then this suggests that the initial value constraints (Ga,H,Hi)
should play an analogous role in (18) as their counterparts in (13).
This relation holds only when Ψae is nondegenerate, which limits one
to spacetimes of Petrov Types I, D and O where Ψae has three linearly
independent eigenvectors.† Lastly, note that by further elimination of
Ψae and N

i from (18) one can obtain the CDJ action in [6]. However,
we would like to preserve Ψae since it contains gravitational degrees of
freedom relevant to the instanton representation, and the shift vector
N i as we will see also assumes an important role.

∗Equation (17) is valid when Bia and Ψae are nondegenerate as 3×3 matrices.
Hence all results of this paper will be confined to configurations where this is the case.

†We refer to (18) as the instanton representation of Plebanski gravity because
it follows directly from Plebanski’s action (1). We will in this sense use (18) as the
starting point for the reformulation of gravity thus presented. The association of
(18) with gravitational instantons will be made more precise later in this paper.
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§4. Equations of motion of the instanton representation. We
will now show that Einstein equations follow from the instanton repre-
sentation action IInst in the same sense that they follow from the original
Plebanski action (1). More precisely, we will demonstrate consistency
of the equations of motion of (18) with equations (2) and (3). After
integrating by parts and discarding boundary terms, the starting action
(18) is given by

IInst =

∫
dt

∫

Σ

d3x ΨaeB
k
e

(
F a0k + εkjmB

j
aN
m
)
−

− iN
√
det‖B ‖

√
det‖Ψ‖

(
Λ + trΨ−1

)
. (19)

The equation of motion for the shift vector N i is given by

δIInst

δN i
= εijkB

j
aB
k
e Ψae = 0 , (20)

which implies on the solution to the equations of motion that Ψae=Ψ(ae)
is symmetric.
The equation of motion for the lapse function N is given by

δIInst

δN
=
√
det‖B‖

√
det‖Ψ‖

(
Λ + trΨ−1

)
= 0 . (21)

Nondegeneracy of Ψae and of the magnetic field B
i
e implies that on-shell,

the following relation must be satisfied

Λ + trΨ−1 = 0 , (22)

which implies that λ3 can be written explicitly in terms of λ1 and λ2,
regarded as physical degrees of freedom. The equation of motion for
Ψae is

δIInst

δΨae
= BkeF

a
0k + εkjmB

k
e B

j
aN

m +

+ iN
√
det‖B‖

√
det‖Ψ‖

(
Ψ−1Ψ−1

)
ea = 0 , (23)

where we have used (22). The symmetric and the antisymmetric parts
of (23) must separately vanish. The antisymmetric part is given by

Bk[eF
a]
0k + εmkjN

mBke B
j
a = 0 , (24)

which can be used to solve for the shift vector N i. Using the relation
εijkB

j
aB
k
e = εaed (B

−1)d
i
(det‖B‖) for nondegenerate 3×3 matrices, we

have

N i = −
1

2
εijkF g0j

(
B−1

)
g
k
. (25)
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The symmetric part of (23) is given by

Bk(eF
a)
0k + iN

√
det‖B‖

√
det‖Ψ‖

(
Ψ−1Ψ−1

)
(ea) = 0 , (26)

where we have used that Ψae on-shell is symmetric from (20).

§4.1. Verification of the Einstein equations. To make a direct
connection from the instanton representation to Einstein’s General Rel-
ativity, we will show that the equations of motion for IInst imply the
Einstein equations. Let us use the relation

√
−g = N

√
h = N

√
det‖σ̃‖ =

√
det‖B‖

√
det‖Ψ‖ , (27)

which writes the determinant of the spacetime metric gμν in terms of
dynamical variables (A,Ψ) using the 3+1 decomposition, and uses the
determinant of (17). Defining ε0ijk≡ εijk and using the symmetries of
the four-dimensional epsilon tensor εμνρσ, then the following identities
hold

Bk(eF
a)
0k =

1

2
εklmF

(e
lmF

a)
0k =

1

8
εμνρσF aμνF

e
ρσ . (28)

Using (28) and (27), then equation (26) can be re-written as

1

8
F bμνF

f
ρσ ε

μνρσ + i
√
−g
(
Ψ−1Ψ−1

)
(bf) = 0 . (29)

Left and right multiplying (29) by Ψ, which is symmetric after imple-
mentation of (20), we obtain

1

4

(
Ψbb

′

F b
′

μν

)(
Ψff

′

F f
′

ρσ

)
εμνρσ = −2i

√
−g δbf . (30)

Note that this step and the steps that follow require that Ψae be
nondegenerate as a 3×3 matrix. Let us make the definition

Σaμν = ΨaeF
e
μν = Σ

a
μν

[
Ψ, A

]
, (31)

which retains Ψae and A
a
μ as fundamental, with the two forms Σ

a
μν being

derived quantities. Upon using the third line of (2) as a re-definition of
variables, which amounts to using the curvature and the CDJ matrix to
construct a two form, (30) reduces to

1

4
ΣbμνΣ

f
ρσ dx

μ∧ dxν∧ dxρ∧ dxσ =Σb∧Σf =−2i
√
−g δbfd4x. (32)

One recognizes (32) as the condition that the two forms thus con-
structed, which are now derived quantities, be derivable from tetrads,
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which is the analogue of (4). Indeed, one can conclude as a consequence
of (32) that there exist one forms eI= eIμdx

μ where I = 0, 1, . . . 3, such
that

ΨaeF
e = ie0 ∧ ea −

1

2
εafg e

f ∧ eg ≡ P afg e
f ∧ eg. (33)

We have defined P afg as a projection operator onto the self-dual com-
bination of one-form wedge products, self-dual in the SO(3,C) sense.
To complete the demonstration that the instanton representation yields
the Einstein equations, it remains to show that the connection Aa is
compatible with the two forms Σa as constructed in (31).
Using the fact that Ψae is symmetric on solutions to (20), the start-

ing action (19) can be written as∗

IInst =

∫

M

d4x
1

8
ΨaeF

a
μνF

e
ρσ ε

μνρσ − i
√
−g
(
Λ + trΨ−1

)
. (34)

The equation of motion for the connection Aaμ from (34) is given by

δIInst

δAaμ
∼ εμσνρDσ(ΨaeF

e
νρ)−

−
i

2
δμi D

ij
da

[
N
(
B−1

)
d
j

√
det‖B‖

√
det‖Ψ‖

(
Λ + trΨ−1

)]
, (35)

where we have used that Ψae is symmetric and we have defined

D
ji

ea(x, y) ≡
δBje(y)

δAai (x)
= εjki

(
−δae∂k+fedaA

d
k

)
δ(3)(x, y)

D
0i

ea ≡ 0





. (36)

The term in square brackets in (35) vanishes on-shell, since it is propor-
tional to the equation of motion (21) and its spatial derivatives, which
leaves us with

εμσνρDσ
(
ΨaeF

e
νρ

)
= 0 . (37)

Equation (37) states that when (20) and (22) are satisfied, then the
two forms Σaμν constructed from Ψae and F

e
μν as in (31) are compatible

with the connection Aaμ. This is the direct analogue of the first equation
from (2).
Using (19) as the starting point, which uses Ψae and A

a
μ as the dy-

namical variables, we have obtained the Einstein equations in the same

∗The same action was written down in [6], which arises from elimination of the
self-dual 2-forms directly from Plebanski’s action. In the approach of the present
paper, we have eliminated only the spatial part of the 2-forms, and have used the
antisymmetric part of Ψae to solve for the shift vector N i.
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sense that the starting Plebanski theory (1) implies the Einstein equa-
tions. The first equation of (2) has been reproduced via (37), which
holds provided that (22) and (20) are satisfied. The second equation
of (2) has been reproduced via (32), which follows from (29) when (20)
is satisfied. The third equation of (2) may be regarded as a defin-
ing relation for the instanton representation. Since the Einstein equa-
tions have arisen from the instanton representation, then it follows that
IInst is another representation for General Relativity for nondegenerate
Ψae and B

i
e.

On the solution to (20) and (22) and using (33), the action for the
instanton representation can be written in the language of two forms as

IInst =
1

2

∫

M

ΨbfF
b ∧ F f =

1

2

∫

M

P afg e
f ∧ eg ∧ F a, (38)

which upon the identification of one forms eI with tetrads, is nothing
other than the self-dual Palatini action [17].
Note that the Palatini action implies the Einstein equations with

respect to the metric defined by

ds2 = gμν dx
μdxν = ηIJ e

I ⊗ eJ , (39)

where ηIJ is the Minkowski metric, which provides additional confirma-
tion that the instanton representation IInst describes Einstein’s General
Relativity when Ψae is nondegenerate.

§4.2. Discussion: constructing a solution. We have shown how
the Einstein equations follow from the instanton representation (18),
which uses Ψae and A

a
μ as the dynamical variables. Equation (30) im-

plies the existence of a tetrad, which imposes equivalence of IInst with
General Relativity, but it does not explain how to construct the tetrad.
Since the spacetime metric gμν is the fundamental variable in Einstein’s
theory, we will bypass the tetrad and construct gμν directly as follows.
Perform a 3+1 decomposition of spacetime M = Σ × R, where Σ is

a three-dimensional spatial hypersurface. The line element is given by

ds2 = gμν dx
μdxν = −N2dt2 + hij ω

i ⊗ ωj , (40)

where hij is the induced 3-metric on Σ, and we have defined the one
form

ωi = dxi −N idt. (41)

The shift vector is given by (25), rewritten here for completeness

N i = −
1

2
εijkF g0j

(
B−1

)g
k
, (42)
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and the lapse function N can apparently be chosen freely.
To complete the construction of gμν using IInst as the starting point

we must write the 3-metric hij using Ψae and A
a
μ. The desired expres-

sion is given by

hij = (det‖Ψ‖)
(
Ψ−1Ψ−1

)
ae
(
B−1

)
a
i

(
B−1

)
e
j
(det‖B‖) =hij

[
Ψ, A

]
, (43)

where the following conditions must be satisfied

BieDiΨae = 0 , εdaeΨae = 0 , Λ + trΨ−1 = 0 . (44)

Equations (44) will be referred to as the Gauss’ law, diffeomorphism
and Hamiltonian constraints, which follow from variation of Lagrange
multipliers Aa0 , N

i and N in the action (18). Note that equations (44)
involve only Ψae and the spatial spart of the connection A

a
μ, objects

which determine a spatial metric in (43).
The spacetime metric gμν solving the Einstein equations is given by

gμν =

(
−N2+N iNi −Nj

−Ni hij

)

,

where Ni=hikN
k. There are a few things to note regarding this:

1) From (42), the shift vector N i depends only on Aaμ, which contains
gauge degrees of freedom in the temporal component Aa0 ;

2) Secondly, the lapse function N is freely specifiable;

3) Third, each Aai and Ψae satisfying the initial value constraints (44)
determines a 3-metric hij , which when combined with a choice of
Aa0 and lapse function N should provide a solution gμν for space-
times of Petrov Type I, D and O.

Note, when one uses the CDJ ansatz σ̃ ia=ΨaeB
i
e that (43) implies

hhij = σ̃ ia σ̃
j
a, which is the relation of the Ashtekar densitized triad to

the contravariant 3-metric hij [1]. Upon implementation of (44) on
the phase space ΩInst, then one is left with the two degrees of freedom
per point of General Relativity, and hij becomes expressed explicitly in
terms of these degrees of freedom.

§5. Analysis of the equations of motion. We will now provide a
rudimentary analysis of the physical content of the equations of motion
of IInst beyond the Einstein equations. The first equation, re-written
here for completeness, is (23)

BifF
b
0i + i

√
−g
(
Ψ−1Ψ−1

)
fb + εijkB

i
fB
j
bN

k = 0 . (45)
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Also, when (20) and (22) are satisfied, then (35) implies (37), also
written here

εμσνρDσ
(
ΨaeF

e
νρ

)
= 0 . (46)

We have shown that when Ψbf is symmetric after determination of
N i as in (25), that the symmetric part of (45) in conjunction with (46)
imply the Einstein equations. We will now show under this condition
that (45) and (46) form a self-consistent system. Act on (46) with Dμ
and use the definition of curvature as the commutator of covariant de-
rivatives, yielding

εμνρσ DμDν
(
ΨaeF

e
ρσ

)
= fabcΨce

(
F bμνF

e
ρσ ε

μνρσ
)
= 0 . (47)

Then substituting the symmetric part of (45) into (47), up to an in-
significant numerical factor we get

fabcΨce

[
i
√
−g
(
Ψ−1Ψ−1

)
(eb)
]
= i
√
−g fabc

(
Ψ−1

)
cb = 0 , (48)

which is simply the statement that Ψce is symmetric in c and e which is
consistent with (20) for det‖B‖ 6=0. This can also be seen at the level
of 2-forms by elimination of the curvature from (47) to obtain

fabcF
b
μνΣ

c
ρσ ε

μνρσ −→ fabc (Ψ
−1)bf ΣfμνΣ

c
ρσ ε

μνρσ ∼ 0 (49)

due to (32), on account of antisymmetry of the structure constants.

We will now multiply (45) by (B−1)fk , in conjunction with using the

identity (B−1)djB
j
b = δ

d
b since B

i
f is nondegenerate. Then equation (45)

can be written as

F b0k + iN
(
det‖B‖

)−1/2(
det‖Ψ‖

)−1/2(
det‖B‖ det‖Ψ‖

)
×

×
[
(Ψ−1Ψ−1)df (B−1)dj (B

−1)fk

]
Bjb + εkjmB

j
bN

m = 0 . (50)

We can now use (43) in the second term of (50), which defines
the spatial 3-metric in terms of Ψae and the spatial connection Aai
solving the constraints (44). Using this in conjunction with the re-
lation N(det‖B‖)−1/2(det‖Ψ‖)−1/2=Nh−1/2= N , then equation (50)
becomes

F b0i + iN hijB
j
b + εijkB

j
bN

k = 0 . (51)

We will show in the next subparagraph that (51) is simply the statement
that the curvature F aμν is Hodge self-dual with respect to a metric gμν
whose spatial part is hij , whose lapse function is N and whose shift
vector is N i.
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It may appear via (30) that only the symmetric part of (45) is needed
in order for IInst to imply the Einstein equations for Petrov Types I, D
and O. But we have utilized the equation of motion (45) to arrive at
(51), which includes information derived using the antisymmetric part
of Ψae. The reconciliation is in the observation that part of the process
of solving the Einstein equations involves computing the shift vector
via (25), which simultaneously eliminates the antisymmetric part of
(45). Since (51) then is consistent with the Einstein equations, then
the implication is that each such solution is included within the class of
configurations under which the curvature F aμν is Hodge self-dual with
respect to the corresponding metric gμν . The spatial part hij of this
metric is defined on the configurations (Ψae, A

a
i ) satisfying (44).

§5.1. Dynamical Hodge self-duality operator. We will now
prove that equation (51) is indeed the statement that the curvature
F aμν is Hodge self-dual with respect to gμν = gμν [Ψ, A]. To show this,
we will derive the Hodge self-duality condition for Yang-Mills theory
in curved spacetime, using the 3+1 decomposition of the associated
metric.
The following relations will be useful

g00 = −
1

N2
, g0i = −

N i

N2
, gij = hij −

N iN j

N2
, (52)

where N is real for Lorentzian signature spacetimes and pure imaginary
for Euclidean signature.
The Hodge self-duality condition for the curvature F aμν can be writ-

ten in the following form

√
−g gμρgνσF aρσ =

β

2
εμνρσF aρσ , (53)

where β is a numerical constant which we will determine. Expanding
(53) and using F a00 = 0, we have

N
√
h
[(
gμ0gνj − gν0gμj

)
F a0j + g

μigνj εijkB
k
a

]
=

=
β

2

(
2εμν0iF a0i + ε

μνijεijmB
m
a

)
. (54)

We will now examine the individual components of (54). The μ=0,
ν=0 component yields 0=0, which is trivially satisfied. Moving on to
the μ=0, ν= k component, we have

N
√
h
[(
g00gkj − gk0g0j

)
F a0j + g

0igkjεijmB
m
a

]
= βBka . (55)
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Making use of (52) as well as the antisymmetry of the epsilon symbol,
after some algebra∗ we obtain

F a0j + εjmkB
m
a N

k + β N hjkB
k
a = 0 , (56)

where we have defined N =Nh−1/2. Note that (56) is the same as
(51) for β= i, which establishes Hodge self-duality with respect to the
spatio-temporal components.
We must next verify Hodge self-duality with respect to the purely

spatial components of the curvature. For the μ=m, ν=n component
of (53), we have

N
√
h
[(
gm0gnj − gn0gmj

)
F a0j + g

mignjεijkB
k
a

]
= β εmn0iF a0i . (57)

Substitution of (52) into (57) after some algebra yields†
√
h

N

(
Nnhmj −Nmhnj

)(
F a0j + εjklB

k
aN

l
)
=

= εmnl
(
βF a0l − N hlkB

k
a

)
. (58)

Using hijhjk = δ
i
k and simplifying, then (58) reduces to

F a0k + εkmnB
m
a N

n =
1

β
N hklB

l
a . (59)

Consistency of (59) with (56) implies that 1
β
=−β, or β=±i. Com-

parison of (56) and (59) with (51) shows that the Hodge self-duality
condition arises dynamically from the equations of motion (18) of IInst.
Moreover, the curvature F aμν is Hodge self-dual with respect to this

operator, which can be written as‡

Hμνρσ± =
1

2

[√
−g (gμρgνσ − gνρgμσ)± iεμνρσ

]
, (60)

where gμν= gμν [Ψ, A] is defined in terms of instanton representation
variables.
The results can then be summarized as follows. The instanton rep-

resentation IInst on-shell implies that the SO(3,C) gauge curvature F
a
μν

∗See Appendix A leading to equation (130).
†See Appendix A leading to equation (138).
‡It appears that β=± i follows from our choice of a Lorentzian signature metric

corresponding to real N , and that one can make a Wick rotation N→ iN , and
analogously require β=±1 for Euclidean signature. However, we will show in this
paper that the reality conditions play a role in the signature of spacetime, more so
than does the choice of lapse function N .
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is Hodge self-dual with respect to a metric gμν . But IInst also implies
on-shell that gμν solves the Einstein equations, which in turn identi-
fies F aμν with the Riemann curvature Riem≡Rμνρσ. Hence Riem is also
Hodge self-dual on any solution, which implies that the solutions of IInst
correspond to gravitational instantons.∗

§6. Relation to the CDJ pure spin connection formulation.
There is an action for General Relativity derived by Capovilla, Dell
and Jacobson (CDJ), which can be written almost entirely in terms of
the spin connection [6]. The authors used Plebanski’s action (1) as the
starting point, from which they proceed to eliminate the 2-forms Σaμν
and the matrix ψae, leading for Λ = 0 to the action

ICDJ =

∫

M

d4x tr

[

M
(
M −

1

2
trM

)]

, (61)

where we have defined

M bf = −
i

8
√
−g

F bμνF
f
ρσ ε

μνρσ. (62)

Note that equation (62) for [6] is the same as (29), which is the sym-
metric part of (51). The action (34) serves in [6] as an intermediate
step in obtaining the action (61) from (1).† But in our context, equa-
tion (34) follows from (18) after elimination of Ψ[ae] and N

i through
their equations of motion.
Given that the CDJ action essentially follows from (18) after elimi-

nation of Ψae, then this implies that Ψae should satisfy equation (2.20b)
of [6] on any solution for Λ=0. We will show this by following the same
steps in [6]. To obtain Ψae in terms of A

a
μ, one would need to take

the square root of M bf in (62). This introduces various complications,
which are circumvented in [6] by using the characteristic equation for
(a symmetric) Ψae

Ψ−3−
(
trΨ−1

)
Ψ−2+

1

2

[(
trΨ−1

)2
−trΨ−2

]
Ψ−1−det‖Ψ‖−1 = 0 . (63)

∗The gauge curvature Faμν takes its values in the SO(3,C) Lie algebra corre-
sponding to the self-dual half of the Lorentz group SO(3,1). The equivalence of
internal self-duality with Hodge self-duality makes sense when one has a tetrad eIμ,
which intertwines between internal and spacetime indices. But since tetrads are now
derived quantities in IInst, this feature appears to be more fundamentally related to
the Yang-Mills aspects of the theory. We will show in a few paragraphs that this is
indeed the case.

†Note that Ψ in the present paper, after the elimination of the shift vector N i

is actually defined as Ψ−1 in [6].
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One must then use Ψ−1Ψ−1=M from (29) as well as trΨ−1=−Λ from
(22), which when substituted into (63) yields the equation

[

M +
1

2

(
−trM + Λ2

)
]

Ψ−1 = −ΛM + I
√
det‖M ‖ , (64)

where I is the unit 3×3 matrix. Then assuming that the left hand side
of (64) is invertible, one can solve for Ψ(ae) as

Ψ(ae) =
(
−Λaf+δaf

√
det‖M ‖

)−1 [

Mfe+
1

2
δfe
(
Λ2−trM

)
]

. (65)

Then upon substitution of (65) into (34) one obtains the CDJ action
(62) for Λ=0. For Λ 6=0 one can expand (65) in powers of Λ using a geo-
metric series, yielding

Ψae = −
1

Λ






[

δae−
Λ
(
Λ2−trM

)

2
√
det‖M ‖

+1

][

δae−
ΛMae√
det‖M ‖

]−1


. (66)

Then one obtains the analogue of equation (3.9) of [6], which we will not
display here.
Let us now comment on the differences between (18) and (34),

namely equation (2.8) in [6]. Equation (34) can be obtained by elimi-
nation of the 2-forms Σaμν directly from (1). Then the CDJ action (61)
follows by further elimination of the field Ψae. But (18) is the result
of eliminating only Σaij , the spatial part of the 2-forms, and preserving
the temporal components Σa0i as well as Ψae.

∗ By complete elimination
the 2-form Σa as in [6], one also eliminates the flexibility of implement-
ing the Hamiltonian and diffeomorphism constraints in (44). These are
necessary for the construction of the metric gμν , which plays the dual
roles of solving the Einstein equations and enforcing Hodge duality.
Additionally, in equation (2.8) in [6] the matrix Ψ does not have an
antisymmetric part, wherereas Ψ[ae] was necessary in order to obtain
(45) as well as the shift vector N i. These two features constitute a vital
part of the Hodge duality condition (51).

∗The exception to this is the time gauge e0i = 0, from which (18) follows. This has
the effect of fixing the boost parameters corresponding to the local Lorentz frame.
Since the SO(3,C) and SU(2) Lie algebras are isomorphic, (1) can be regarded as
being based on the self-dual SU(2)− part of the Lorentz algebra, which leaves open
the interpretation of the antiself dual part SU(2)+. Since only SU(2)− is needed in

order to obtain General Relativity, it could be that e0i is somehow associated with
SU(2)+. On a separate note, we have preserved the temporal 2-form components Σ

a
0i

in IInst, in order to preserve the freedom to implement the initial value constraints.
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The Einstein equations for Λ=0 can be derived from (61), which is
shown as equations (2.19a), (2.19b) and (2.20a) in [6]. But the state-
ment that the metric (equations (2.2) and (2.4) in [6]) arises as a solution
to these Einstein equations appears to the best of the present author’s
knowledge to be a separate postulate not derivable directly from (61).
We will show explicitly in the present paper that this metric is the
same one arising from the Hodge duality condition (45), and complete
the missing link in this loop regarding the Einstein equations.

§7. The spacetime metric: revisited. We have shown that the
instanton representation IInst, on-shell, implies a Hodge self-duality con-
dition for the SO(3,C) curvature F aμν with respect to a spacetime metric
gμν solving the Einstein equations which also follow from IInst. All that
is needed to construct the 3-metric hij for this spacetime metric are
the spatial connection Aai and the CDJ matrix Ψae solving the ini-
tial value constraints (44). The specification of the shift vector N i via
Aa0 ⊂ A

a
μ = (A

a
0 , A

a
i ), combined with a lapse function N , then completes

the construction of gμν via (40). We will see that IInst provides an ad-
ditional simple formula for constructing gμν via the concept of Hodge
duality. The Hodge self-duality condition (59) is given by

εijkB
j
aN
k + i N hijB

j
a = −F

a
0i . (67)

Multiplying (67) by (B−1)a
m
, we obtain the relation

εijkN
k + i N hij = −F

a
0i

(
B−1

)
a
j
. (68)

Equation (68) provides a prescription for writing the spacetime metric
explicitly in terms of the connection as follows.∗ The antisymmetric part
of (68) yields the shift vector

Nk = −
1

2
εkijF a0i

(
B−1

)
a
j
, (69)

and the symmetric part yields the 3-metric up to a conformal factor

i N hij = −F
a
0(i

(
B−1

)
a
j) ≡ − c(ij) , (70)

where we have defined cij =F
a
0i(B

−1)aj . The determinant of (70) yields

− i
N3
√
h
= − det‖c(ij)‖ ≡ − c −→ i N =

c

N2
. (71)

∗In other words, the physical degrees of freedom from the initial value constraint
contained in (44) become absorbed into the definition of the 3-metric hij .
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Substituting this relation back into (70) enables us to solve for hij

hij = −
N2

c
c(ij) . (72)

Let us define the following densitized object c(ij)= c
−1c(ij). Then the

line element (40) can also be written as∗

ds2 = gμν dx
μdxν = −N2

(
dt2 + c(ij)ω

i ⊗ ωj
)
, (73)

where we have defined the one forms ωi= dxi−N idt, with N i given
by equation (69). Starting from a spacetime of Lorentzian (Euclidean)
signature for the lapse function N real (imaginary), we have obtained a
line element (73). This implies the following consistency conditions

c ij > 0 −→ N imaginary −→ Euclidean signature

c ij < 0 −→ N real −→ Lorentzian signature

}

. (74)

The result is that every connection Aaμ with nondegenerate magnetic

field Bia, combined with a lapse function N , determines a spacetime
metric gμν of signature given by (74) solving the Einstein equations.
An elegant formula was constructed by Urbantke, which determines

the metric with respect to which a given SU(2) Yang-Mills curvature,
is self-dual in the spacetime sense. The formula is given by [16]

√
−g gμν =

4

3
ηfabcF

a
μρF

b
αβF

c
σν ε

ραβσ. (75)

Since we are treating General Relativity in analogy with Yang-Mills
theory, it is relevant to perform a 3+1 decomposition of (75). The result
of this decomposition is given by†

g00 ∝ det‖F
a
0i‖ , g0k ∝ εklm

(
F−1

)
0l
c
Bmc , gij ∝ F

a
0(i

(
B−1

)
a
j) . (76)

Comparison of (76) with (69) and (70) reveals that on-shell, the instan-
ton representation of Plebanski gravity reproduces the Urbantke metric
purely from an action principle. When the spatial part of the Urban-
tke metric is built from variables solving the constraints (44), then the
Urbantke metric also solves the Einstein equations by construction.

∗More precisely, since (40) as defined by (44) forms a subset of the line element
defined by (73), then the equality of (40) with (73) must be regarded as a consistency
condition. Since (67) contains a velocity Ȧai and (44) does not, then the interpreta-
tion is that the equality between the line elements (40) and (73) must enforce the
time evolution of initial data satisfying the initial value constraints (44).

†See Appendix B for the details of the derivation.



56 The Abraham Zelmanov Journal — Vol. 4, 2011

§7.1. Reality conditions. Since the connection Aaμ is allowed to
be complex, then the line element (73) in general allows for complex
metrics gμν . General Relativity should correspond to the restriction of
this to real-valued metrics, which implies certain conditions on Aaμ such
that cij be real-valued in (74). So the imposition of reality conditions

requires that the undensitized matrix cij =F
a
0i(B

−1)aj be either real or
pure imaginary, which leads to two cases

c(ij) real −→ Euclidean signature

c(ij) imaginary −→ Lorentzian signature

}

. (77)

We will see that (77) places restrictions on the connection Aaμ for a
spacetime of fixed signature. For a general Aaμ satisfying the reality
conditions, there is apparently no constraint fixing the signature of the
spatial part of the metric hij .

∗

The metric is clearly real if one is restricted to connections having a
real curvature F aμν . When F

a
μν is complex then we must impose reality

conditions requiring cij to be real as in (74). The symmetric part of
this enforces reality of the 3-metric hij and the antisymmetric part
enforces reality of the shift vector N i. The lapse function N must
always be chosen to be either real or pure imaginary. The signature of
spacetime, which in either case apparently may change, might be more
directly related to the reality of the metric. This is unlike the case in
the Ashtekar variables, where for Euclidean signature spacetimes one is
restricted to real variables.
We will now delineate the reality conditions on the spacetime metric

for the case where the curvature F aμν is complex. First let us perform
the following split of the connection Aaμ into the real and imaginary
parts of its spatial and temporal components

Aai =
(
Γ− iK

)
a
i
, Aa0 =

(
η − iζ

)
a. (78)

Corresponding to this 3+1 split, there is an analogous 3+1 split induced
upon F aμν into spatial and temporal components. The spatial part of

this defines the magnetic field Bia given by

Bia = (R− iT )
i
a , (79)

∗Hence there is a caveat associated with the labels “Euclidean” and “Lorentzian”
used in (77). The lapse function N is freely specifiable, since it is not constrained by
Aaμ. But it is still conceivable in (77) that different components of c(ij) could have
different signs based on the initial data of Aaμ. If this were to be the case, then this
could bring in the possibility of topology changes for spacetimes described by IInst
if the signature were not preserved under time-evolution.
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where we have defined

Ria = ε
ijk ∂jΓ

a
k +
1

2
εijkfabcΓ

b
j Γ
c
k −
1

2
εijk fabcKbjK

c
k

T ia = ε
ijkDjK

a
k = ε

ijk
(
∂jK

a
k + f

abcΓbjK
c
k

)





. (80)

The quantity T ia is the covariant curl of K
a
i using Γ

a
i as a connection.

The temporal part of the curvature F aμν is given by

F a0i =
(
f − ig

)
a
i
, (81)

where we have defined

fai = Γ̇
a
i −Di η

a + fabcKbi ζ
c

gai = D0K
a
i −Di ζ

a

}

. (82)

The operator Di is the covariant derivative with respect to Γ
a
i as in the

second line of (80), and D0 is given by

D0K
a
i = K̇

a
i + f

abc ηbKci . (83)

For the general complex case, reality conditions require that cij =
=(B−1)ai F

a
0j be either real or pure imaginary as in (77). It will be con-

venient to use the following matrix identity, suppressing the indices

B−1 = (R− iT )−1 = (1 + iRT )
[
1− (R−1T )2

]−1
R−1, (84)

which splits the inverse of a complex matrix into its real and imaginary
parts. Then upon contraction of the internal indices, cij is given by

(f − ig)(R− iT )−1 =
[
f + gR−1T + i(−g + fR−1T )

]
×

×
[
1− (R−1T )2

]
R−1. (85)

The last two matrices in (85) are real and the first matrix is in
general complex. For Lorentzian signature spacetimes we must require
the real part of the first matrix to be zero, and for Euclidean signature
we must require the imaginary part to be zero. This leads to the matrix
equations

Euclidean signature: g−1f = −R−1T

Lorentzian signature: f−1g = R−1T

}

. (86)

The aforementioned caveats still apply with respect to the stability
of the signature. But in either case the reality conditions constitute
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9 equations in 24 unknowns, namely the 12 complex components of
the four-dimensional SO(3,C) connection Aaμ. After implementation
of these reality conditions, then this leaves 24−9=15 real degrees of
freedom in Aaμ.

∗

§8. Gravity as a “generalized” Yang-Mills theory. We will now
show how the concept of Hodge self-duality stems at a more fundamen-
tal level from internal duality with respect to gravitational degrees of
freedom. Let us start off by considering the following action which
resembles SO(3,C) Yang-Mills theory in curved spacetime

I =

∫

M

d4x

(

−
1

4

√
−g gμνgρσF bμνF

f
ρσΨbf +

1

G

√
−g R

)

, (87)

where R=R [ g ] is meant to signify that R is the curvature of the same
metric which appears in the Yang-Mills term.
The quantity gμν is the covariant metric corresponding to the back-

ground spacetime upon which a Yang-Mills field Aaμ propagates, and
F aμν is the curvature of A

a
μ, given by

F aμν = ∂μA
a
ν − ∂νA

a
μ + f

abcAbμA
c
ν , (88)

where fabc= εabc are the structure constants of SO(3,C).
Equation (87) is different from the usual Yang-Mills theory in that

the two curvatures F aμν additionally couple to a field Ψbf taking its
values in two copies of SO(3,C). In the special case Ψae= kδae for
some numerical constant k, Ψae plays the role of the Cartan-Killing
metric for the SO(3,C) Lie algebra. There is a wide array of literature
concerning gravity and Yang-Mills theory, where one attempts to solve
(87) for the Yang-Mills field Aaμ as well as for the metric gμν . But in the

gravitational context, Ψae=− 3Λ δae implies that the metric gμν must
be restricted to spacetimes of Petrov Type O, since Ψae then has three
equal eigenvalues [10].
The implication is that when one solves (87) in the case Ψae=− 3Λ δae,

then one is solving the coupled Yang-Mills theory only for conformally
flat spacetimes. But we would like to incorporate more general geome-
tries. On the one hand in vacuum Yang-Mills theory one already has a
Yang-Mills solution for known metrics by virtue of Hodge duality and
the Bianchi identity. On the other hand, the generalization of Ψae to

∗For example in (78), then one possibility is to regard the nine components of
Re{Aai } as freely specifiable, and then use (86) to determine the nine components
of Im{Aai } in terms of them.
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include gravitational degrees of freedom, as we will see, enables one to
identify the Yangs-Mills theory with the gravity theory that it is cou-
pling to. To see this, let us split the Yang-Mills part of the Lagrangian
of (87) into its spatial and temporal parts

LYM =

√
−g
2

(

g00gijF b0iF
f
0j − g

0ig0jF b0iF
f
0j +

+ 2g0igjkF bijF
f
0k +

1

2
gikgjlF bijF

f
kl

)

Ψbf , (89)

where F a0i = Ȧ
a
i −DiA

a
0 is the temporal component of the curvature.

The electric field is the momentum canonically conjugate to the
Yang-Mills spatial connection

Πib =
δIYM

δȦbi
=
√
−g
(
g00gijF f0j − g

0ig0jF f0j + g
0mgniF fmn

)
Ψbf . (90)

Next, we will make use of the 3+1 decomposition of the spacetime
metric

gμν =

(
g00 g0i

g0j gij

)

=

(
− 1
N2

−N
i

N2

−N
j

N2
hij−N

iNj

N2

)

,

where Nμ = (N,N i) are the lapse function and shift vector, and
√
−g=

=N
√
h is the determinant of gμν . Substitution into (90) yields

Πib =

√
h

N

(
−hijF f0j +N

mhniF fmn

)
Ψbf , (91)

and substitution into (89) yields

LYM=−
1

2
N
√
h

[

−
1

N2
hijF b0iF

f
0j+2

N i

N2

(

hjk−
N jNk

N2

)

F bijF
f
0k +

+
1

2
hik
(

hjl−
2N jN l

N2

)

F bijF
f
kl

]

Ψbf . (92)

We will now eliminate the velocities Ȧai from (92) by inverting (91)

F f0j = hjk

[

−
N
√
h
Πkb (Ψ

−1)bf +NmhnkF fmn

]

. (93)

Upon substitution of (93) into (92) after several long but straightforward
algebraic steps, we obtain

LYM =
1

2

N
√
h
hijΠ

i
bΠ
j
f (Ψ

−1)bf +
1

4
N
√
hhikhjlF bijF

f
klΨbf . (94)
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Defining the SO(3,C) magnetic field by F aij = εijkB
k
a , and using the re-

lation
1

2
εijm εklnh

ikhjl =
1

h
hmn , (95)

and presupposing the 3-metric hij to be nondegenerate, then (94) yields

LYM =
1

2
N hij

[
(Ψ−1)bf ΠibΠ

j
f −ΨbfB

i
bB
j
f

]
. (96)

This is the electromagnetic decomposition of the generalized Yang–Mills
action, with Ψbf replacing the invariant Cartan-Killing form for the
SO(3) gauge group. But for geometries not of Petrov Type O, then Ψbf
is in general no longer SO(3,C) invariant.
To see how General Relativity follows from this “generalized” Yang-

Mills theory, let us impose the following relation between the electric
and the magnetic fields of the latter

Πia = βΨaeB
i
e (97)

for some numerical constant β. Then for nondegenerate Ψbf , substitu-
tion of (97) into (90) implies that

βBif = N
√
h
(
g00gijF f0j − g

0ig0jF f0j + g
0mgniF fmn

)
. (98)

The right hand side of (98) is given by

N
√
h

[

−
1

N2

(

hij −
N iN j

N2

)

F f0j −
N iN j

N4
F f0j −

−
Nm

N2

(

hni −
NnN i

N2

)

F fmn

]

, (99)

which simplifies to
√
h

N

(
hijF f0j +N

khijF fkj

)
= −βBif . (100)

Equation (100) can be rewritten as

F f0j + εjmkB
m
f N

k + β N hjiB
i
f = 0 . (101)

The choice β=±i would imply that equation (97) automatically im-
poses Hodge self-duality of the Yang-Mills curvature F fμν with respect
to the metric gμν which it couples to, namely

HμνρσF bρσ = 0 , (102)
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where we have defined the Hodge self-duality operator

Hμνρσ =
1

2

[√
−g (gμρgνσ − gνρgμσ ) + β εμνρσ

]
. (103)

Comparison of (97) with the spatial restriction of equation the third
equation of (2), and comparison of (101) with (51), implies that (97)
is the internal analogue of Hodge self-duality. Indeed, the fact that
the metric defining (102) solves the Einstein equations transforms (34)
on-shell into (87). Since the solutions to ordinary vacuum Yang-Mills
theory include Yang-Mills instantons, then this suggests that IInst is
a theory which should include gravitational instantons.

§9. Gravitational instantons: revisited. We will now put into
context the points raised in the introduction paragraph regarding the
apparent ambiguity in the definition of gravitational instantons. It has
been noted by Ashtekar and Renteln [1] that the ansatz

Bia = −
Λ

3
σ̃ ia , (104)

solves the initial value constraints of the Ashtekar variables arising from
(13). It was noted that this corresponds to the conformally flat space-
times.∗ There is a covariant form of the action (13) provided by Samuel
[18, 19] in which the basic variables are two forms Σb= 12 Σ

b
μνdx

μ∧dxν ,
given by

I =

∫

M

d4x

(

ΣbμνF
b
ρσ +

Λ

6
ΣbμνΣ

b
ρσ

)

εμνρσ. (105)

Equation (105) leads to General Relativity with cosmological con-
stant through the equations of motion

εμνρσ DνΣ
b
ρσ = 0 , F bμν = −

Λ

3
Σbμν , (106)

where the two form is constructed from SL(2,C) one forms

ΣABμν = i
(
eAA

′

μ eBνA′ − e
AA′

ν eBμA′
)

(107)

in self-dual combination. The class of solutions described by the second
equation of (106) are the evolution of (104), which is the data set on
the initial spatial hypersurface. The observation that the first equation

∗We will see that (97) is the generalization of (104) which incorporates more
general geometries including Types D and O, when Ψae becomes identified with the
CDS matrix Ψae of IInst.
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of (106) follows identically from the second due to the Bianchi iden-
tity, combined with the self duality in (107) allows an association of
gravitation with Yang-Mills instantons to be inferred [18].
It was postulated that there might be other Yang-Mills field

strengths which satisfy (106), but one is limited to conformally flat met-
rics since not all two forms Σa are constructible from tetrad one forms
eAA

′

μ as in (107). The problem of relating (106) to the Yang-Mills self-
duality condition ∗F =F resides in the observation that the metric gμν
must first be known. In [7], Jacobson eliminates the tetrad from the
self-duality condition to address the sector with vanishing self-dual Weyl
curvature, by proposing the following condition on the curvature

F b ∧ F f −
1

3
δbf trF ∧ F = 0 . (108)

Given a connection Aaμ which solves (108), the tetrads in (107) as-

sociated with the 2-forms Σb determine a metric which is a self-dual
Einstein solution with cosmological constant Λ. Moreover, the curva-
ture satisfying (108) is self-dual with respect to this metric. Since (108)
is the same as the second equation of (2) when Ψae ∝ δae, then the prob-
lem of “finding the metric” as pointed out by Samuel in [18] translates
into the problem of finding the connection in (108).
Hence the aforementioned developments have been shown only for

the conformally self-dual case where the self-dual Weyl tensor ψae van-
ishes, whence the metric is explicitly constructible. This limits one to
spacetimes of Petrov Type O.∗ The proposition of the present paper has
been to extend the library of solutions to include the Petrov Types I
and D cases using IInst.

§9.1. Generalization beyond Petrov Type O instantons. We
have seen that the CDJ ansatz, the spatial restriction of the third equa-
tion of (2), imposes the condition of Hodge self-duality on the “general-
ized” SO(3,C) Yang-Mills fields in (97). When Ψae is chosen to satisfy
the constraints (44), then the implication is that this Yang-Mills the-
ory becomes a theory of General Relativity. Since vacuum Yang-Mills
theory in conformally flat spacetimes describes instantons, then this
suggests that the gravitational analogue of pure Yang-Mills theory must
describe gravitational instantons, specifically incorporating the physical

∗In [8] gravitational instantons are defined as spacetimes with vanishing self-
dual Weyl curvature, and nonvanishing cosmological constant. This falls within the
Petrov Type O case with Ψae=− 3Λ δae, with no restrictions on the connection A

a
i .

We would like to generalize this to incorporate Type D and Type I spacetimes.
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degrees of freedom from (44). To examine the implications for gravity
let us recount the action (34), repeated here for completeness

IInst =

∫

M

d4x
1

8
ΨaeF

a
μνF

e
ρσ ε

μνρσ − i
√
−g
(
Λ + trΨ−1

)
, (109)

which corresponds to (19) at the level after elimination of Ψ[ae] and the
shift vector N i.
Recall also that the equation of motion for Ψae prior to elimination

of N i and in (45) implies the Hodge self-duality condition

β εμνρσF aρσ =
√
−g gμρgνσF aρσ (110)

once one has made the identification of hij =hij [Ψ, A]. Substitution of
(110) into the first term of (109) yields

IInst =

∫

M

d4x
β

4

√
−g gμρgνσF aμνF

e
ρσΨae − i

√
−g
(
Λ + trΨ−1

)
, (111)

which is nothing other than the action for gravity coupled to a “gener-
alized” SO(3,C) Yang-Mills theory of gravity (87). On the other hand,
the equation of motion for Ψae derived from (109) is

1

8
F bμνF

f
ρσ ε

μνρσ + i
√
−g
(
Ψ−1Ψ−1

)
fb = 0 . (112)

Comparison of (112) with (43) indicates that dynamically on the so-
lution to the equations of motion,

1

8
F bμνF

f
ρσ ε

μνρσ = −iβ−1/2N (det‖B‖)−1/2 (det‖Ψ‖)−1/2 ×

× hijB
i
bB
j
f = −iβ N hijB

i
bB
j
f , (113)

where N =Nh−1/2. Since the initial value constraints must be consis-
tent with the equations of motion we can insert (113) into (109), which
yields

IInst =
β

2

∫

M

ΨaeF
a∧F e = −iβ

∫

M

N hijΨaeB
i
aB
j
e d
4x . (114)

But equation (114) is only the magnetic part of a Yang-Mills theory
in curved spacetime. To obtain the respective electric part we use the
relation Bie=

1
β
Ψ−1ae σ̃

i
a, which shows on-shell that the following objects

are equivalent

− iβ N hijB
i
bB
j
fΨbf = −iN hij σ̃

i
bB
j
f =

= −iβ N hij (Ψ
−1)bf σ̃ ib σ̃

j
f . (115)
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So we can use (115) to eliminate Bia from (114), yielding

IInst =
β

2

∫

M

ΨaeF
a∧F e = −iβ

∫

M

1

β2
N hij (Ψ

−1)ea σ̃ ia σ̃
j
e d
4x. (116)

The action for the instanton representation IInst evaluated on a classical
solution can be written as the average of the actions (114) and (116),
which yields

IInst =
iβ

2

∫
dt

∫

Σ

d3x N hij

[

−
1

β2
(Ψ−1)bf σ̃ ib σ̃

j
f−ΨbfB

i
bB
j
f

]

=

= iβ

∫
dt

∫

Σ

d3x

[

N hijT
ij−

i

2
β

(

1+
1

β2

)

N hij σ̃
i
b σ̃
j
f (Ψ

−1)bf
]

(117)

with T ij given by

T ij =
1

2

[
(Ψ−1)ae σ̃ ia σ̃

j
e −ΨaeB

i
aB
j
e

]
. (118)

With the exception of the term proportional to β, (117) would be the
action for a “generalized” Yang-Mills theory. Note that it is a genuine
Yang-Mills theory only for Ψae= kδae, which covers only the Type O
sector of gravity.
Upon making the identification σ̃ ia≡Π

i
a from (96), then we have on

the solution to the equations of motion that

1

8

∫

M

d4xΨbfF
b
μνF

f
ρσ ε

μνρσ = iβ

∫

M

d4x
√
−g gμρgνσF bμνF

f
ρσ+Q, (119)

where Q is the second term in the bottom line of (117). The identifi-
cation between the Yang-Mills and the instanton representation actions
can be made only for β2=−1. In this case Q=0 and equation (119)
implies on the solution to the equations of motion that

1

8

∫

M

d4x
(√
−g gμρgνσ− gνρgμσ± iεμνρσ

)
F bμνF

f
ρσΨbf = 0 . (120)

In order for this to be true for all curvatures, we must have

±
i

2
εμνρσF fρσ =

√
−g gμρgνσF fρσ , (121)

namely that the curvature of the starting theory must be self-dual in
the Hodge sense in any solution to the equations of motion. In this case,
it can be said that General Relativity is literally a Yang-Mills theory
coupled gravitationally to itself.
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§10. Summary. In this paper we have presented the instanton rep-
resentation of Plebanski gravity, a new formulation of General Relativ-
ity. The basic dynamical variables are an SO(3,C) gauge connection Aaμ
and a matrix Ψae taking its values in two copies of SO(3,C). The conse-
quences of the associated action IInst were determined via its equations
of motion with the following results:

1) The two equations of motion for IInst imply the Einstein equations
when the initial value constraints are satisfied;

2) When these constraints are satisfied, then one can define a spa-
tial 3-metric hij [Ψ, A] using Ψae and A

a
i , the spatial part of the

connection Aaμ;

3) The first equation of motion for IInst is consistent with the second
equation when the initial value constraints are satisfied;

4) The first equation of motion of IInst implies that the curvature F
a
μν

is Hodge self-dual with respect to the metric gμν which solves the
Einstein equations as a consequence of the initial value constraints.

Each of these results hinges crucially on the existence of solutions to
the initial value constraints. So it remains to be verified that that once
the initial value constraints are satisfied on an initial spatial hypersur-
face, then the equations of motion should preserve these constraints for
all time. We will relegate demonstration of this for a future publication.
Additionally, we have clarified the relation between IInst and ICDJ

in [5]. The two formulations are not the same as it may naively appear
for the following reasons:

1) The action ICDJ at the level prior to elimination of Ψae from IPleb
is missing the 2-forms Σaμν as well as the antisymmetric part of
Ψae. However, IInst contains Σ

a
0i, the temporal part of Σ

a
μν as well

as Ψ[ae];

2) The Hodge duality condition follows directly as an equation of mo-
tion for IInst, a crucial part of which involves N

μ = (N,N i) from
Σa0i which are needed both for constructing General Relativity so-
lutions as well as for implementing the initial value constraints∗;

3) The reality conditions in IInst appear to be intimately connected
with the signature of spacetime as well as initial data, which is
unlike the usual formulations of General Relativity. The implica-
tions of this should be borne out when one attempts to construct
solutions.

∗The advantages of these features should become more apparent when one pro-
ceeds to construct General Relativity solutions and in the quantum theory.
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The instanton representation IInst has exposed an interesting rela-
tion between General Relativity and Yang-Mills theory, which suggests
that this is indeed a theory of “generalized” Yang-Mills instantons. In
the conformally flat case, the CDJ matrix Ψae has three equal eigenval-
ues and thus plays the role of a Cartan-Killing SO(3,C) invariant metric.
The generalization of this to more general geometries presents an inter-
esting physical interpretation, since Ψae contains gravitational degrees
of freedom. In the Petrov Type D case for example, where Ψae has two
equal eigenvalues, then the Yang-Mills SO(3) symmetry becomes bro-
ken down to SO(3,C). In the algebraically general Type I case, where
λ1 6=λ2 6=λ3, the SO(3,C) symmetry becomes completely broken. A pos-
sible future direction is to investigate possible mechanisms which could
induce such a breaking of this symmetry.
Nevertheless, the first order of business in future research will be to

check for consistency of the initial value constraints of IInst under time
evolution. Then next will be to use IInst reconstruct as many of the
known General Relativity solutions as possible and to construct new
solutions. Additionally, we will examine the quantum theory with a view
to addressing many of the unresolved questions in quantum gravity.

§10.1. Preview into the quantum theory. Instantons in Yang-
Mills theory can be associated with transitions between topologically
inequivalent vacua, induced by tunnelling classical solutions upon Wick
rotation between Lorentzian and Euclidean signature spacetimes.
A future direction of research will be to investigate the analogue of this
feature for IInst, in addition to the quantum aspects of the theory. For
instance, upon substitution of contraction of (112) with Ψbf one obtains
the relation

1

8
Ψbf F

b
μν F

f
ρσ ε

μνρσ = −i
√
−g trΨ−1 = i

√
−gΛ , (122)

where we have used the Hamiltonian constraint from variation of N in
(109). Substitution of (122) back into (109) yields

IInst = iΛ

∫

M

d4x
√
−g = iΛVol(M) , (123)

where Vol(M) is the spacetime volume. The exponentiation of this in
units of ~G yields

ψ = eiΛ(~G)
−1Vol(M), (124)

which forms the dominant contribution to the path integral for gravity
due to gravitational instantons [20]. On the other hand, substitution of
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Ψae=− 3Λ δae into the starting action (19) produces a total derivative
leading via Stokes’ theorem to a Chern-Simons boundary term ICS. The
exponentiation of this boundary term in units of ~G yields

ψKod = e
±3(2~GΛ)−1

∫
M
trF∧F = e±3(~GΛ)

−1ICS[A], (125)

which is known as the Kodama state which describes de Sitter space-
time [21, 22]. One of the results of the quantum theory of IInst should
be to clarify the role of (125) in quantum gravity, and to attempt to
find its counterparts for Ψae corresponding to more general spacetime
geometries. The generalization of the left hand side of (125) is

ψInst = e
(2~G)−1

∫
M
ΨaeF

a∧F e . (126)

As part of the investigation of the quantum theory one would like to
find the analogue of the right hand side of (125) for (126).

Appendix A. Components of the Hodge self-duality operator.
From the equation

N
√
h
[(
g00gkj − gk0g0j

)
F a0j + g

0igkjεijmB
m
a

]
= βBka (127)

from (55), we have

N
√
h

{[

−
1

N2

(

hkj−
NkN j

N2

)

−

(
NkN j

N2

)]

F a0j −

−
N i

N2

(

hkj−
NkN j

N2

)

εijmB
m
a

}

= βBka . (128)

Cancelling off the terms multipying F a0j which are quadratic in N
i,

we have

−

√
h

N
hkj
(
F a0j + εjmiB

m
a N

i
)
= βBka . (129)

Multiplying (129) by N=Nh−1/2 and by hlk, this yields

F a0l + εlmiB
m
a N

i + β N hlkB
k
a = 0 . (130)

From the equation

N
√
h
[(
gm0gnj−gn0gmj

)
F a0j+g

mignjεijkB
k
a

]
=β εmn0jF a0j , (131)
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from (57), we have

N
√
h

{[

−
Nm

N2

(

hnj−
NnN j

N2

)

+
Nn

N2

(

hmj−
NmN j

N2

)]

F a0j +

+

(

hmi−
NmN i

N2

)(

hnj−
NnN j

N2

)

εijkB
k
a

}

= β ε0mnjF a0j . (132)

Expanding and using the vanishing of the term quadratic in the shift
vector N i, we have

√
h

N

{(
hmjNn − hnjNm

)
F a0j +N

√
hhmihnjεijkB

k
a −

−
(
hmiNnN j + hnjNmN i

)
εijkB

k
a

}
= β ε0mnjF a0j . (133)

From the third term on the left hand side of (133), we have the following
relation upon relabelling indices i↔j on the first term in brackets

− hmiNnN jεijkB
k
a − h

njNmN iεijkB
k
a = −h

mjNnN iεjikB
k
a −

− hnjNmN iεijkB
k
a = εijk

(
hmjNn − hnjNm

)
N iBka . (134)

Note that the combination hmjNn−hnjNm on the right hand side of
(134) is the same term multiplying F a0j in the left hand side of (133).
Using this fact, then (133) can be written as

√
h

N

[(
hmjNn−hnjNm

)(
F a0j+ εjkiB

k
aN

i
)]
+

+ N εmnlhlkB
k
a = β ε

mnjF a0j , (135)

where ε0mnj= εmnj . Using F a0j+ εjkiB
k
aN

i=−βNhjkBka from (130) in
(135), then we have

−

√
h

N

(
hmjNn−hnjNm

)
β N hjkB

k
a+N εmnlhlkB

k
a =β ε

mnjF a0j . (136)

This simplifies to

− β
(
δmk N

n− δnkN
m
)
Bka + N εmnlhlkB

k
a = β ε

mnjF a0j −→

−→ β
(
εmnjF a0j+B

m
a N

n−BnaN
m
)
= N εmnjhjkB

k
a . (137)

Contracting (137) with εmnl and dividing by 2, we obtain the relation

F a0l + εlmnB
m
a N

n −
1

β
N hlkB

k
a = 0 . (138)

Consistency of (138) with (130) implies that β2=−1, or that β=±i.
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Appendix B. Urbantke metric components. We now perform
a 3+1 decomposition of the Urbantke metric∗

gμν = fabcF
a
μρF

b
αβF

c
σν ε

ραβσ. (139)

In what follows we define ε0123=1, and make use of the fact that the
structure constants fabc= εabc for SO(3,C) are numerically the same as
the three-dimensional epsilon symbol. Also, we will use the definition
Bia=

1
2 ε
ijkF ajk of the Ashtekar magnetic field. The main result of this

appendix is that due to the symmetries of the four-dimensional epsilon
tensor, each term in the expansion is the same to within a numerical
constant. We will show this by explicit calculation.
1. Starting from the time-time component we have

g00 = fabcF
a
0ρF

b
αβF

c
σ0 ε

ραβσ. (140)

The time-time component of gμν reduces from two terms to one term

fabcF
a
0iF

b
0jF

c
k0 ε
i0jk + fabcF

a
0iF

b
j0F

c
k0 ε
ijk0 =

= 2fabc ε
ijkF a0iF

b
0jF

c
0k = 12det‖F

a
0i‖ . (141)

2. Moving on to the space-time components, we have

g0k = fabcF
a
0ρF

b
αβF

c
σkε

ραβσ = fabcF
a
0iF

b
αβF

c
σkε

iαβσ =

= fabcF
a
0iF

b
0jF

c
lkε
i0jl+fabcF

a
0iF

b
j0F

c
lkε
ij0l+fabcF

a
0iF

b
jlF

c
0kε
ijl0=

= −2fabcε
ijlεlkmB

m
c F

a
0iF

b
0j−2fabcF

a
0iF

c
0kB

i
b =

= −2fabc
(
δikδ

j
m−δ

i
mδ
j
k

)
F a0iF

b
0jB

m
c −2fabcF

a
0iF

c
0kB

i
b =

= 2fabcF
a
0mF

b
0kB

m
c = 2 (det‖F

a
0i‖) εmkl(F

−1)c0lB
m
c . (142)

3. The spatial components are given by

gij = fabcF
a
iρF

b
αβF

c
σj ε

ραβσ (143)

which decomposes into a sum of four terms

gij = fabcF
a
i0F

b
mkF

c
lj ε
0mkl + fabcF

a
imF

b
0nF

c
ij ε
m0nl +

+ fabcF
a
imF

b
n0F

c
lj ε
mn0l + fabcF

a
imF

b
nlF

c
0j ε
mnl0. (144)

Using the fact that the middle two terms are equal, we have

gij = −fabcF
a
0iB

l
b εljmB

m
c − 2fabc ε

mnl εimkB
k
aF
b
0n εljpB

p
c −

− 2fabc εimkB
k
aB

m
b F

c
0j . (145)

∗We have omitted the conformal factor for simplicity, which can always be re-
inserted at the end of the derivations.
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Applying epsilon symbol identities to the second term of (145) and
simplifying, we get

− fabc (det‖B‖)F
a
0i εcbd(B

−1)dj − 2fabc
(
δmj δ

n
p − δ

m
p δ
n
j

)
×

× εimkB
k
aF
b
0nB

p
c − 2fabc (det‖B‖)εbad (B

−1)di F
c
0j =

= 2 (det‖B‖)
[
F d0i(B

−1)dj + F
d
0j (B

−1)di

]
−

− 2 (det‖B‖)εnkm(B−1)bmF
b
0nεijk + 4 (det‖B‖)(B

−1)di F
b
0j . (146)

Note that the third term on the right hand side of (146), upon applica-
tion of epsilon identities, is given by

2 (det‖B‖)
(
δni δ

m
j − δ

n
j δ
m
i

)
(B−1)bmF

b
0n =

= 2 (det‖B‖)
[
F b0i(B

−1)bj − F
b
0j(B

−1)bi

]
. (147)

Substituting (147) back into the right had side of (146) and after some
cancellations, we get that the spatial part of gμν is given by

gij = 4 (det‖B‖)
[
F b0i(B

−1)bj + F
b
0j(B

−1)bi

]
, (148)

which is symmetric as expected.
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